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In the present paper methods and algorithms of modeling quantum operations for quantum com-
puter integrated circuits design are developed. We examine different ways of quantum operation 
descriptions, including operator-sums, unitary representations, Choi-Jamiolkowski state representa-
tions and the corresponding chi-matrices, as well as quantum system evolution operators. The re-
sults of modeling of practically important quantum gates: SQiSW (square root of i-SWAP gate), 
controlled-NOT (CNOT), and controlled Z-transform (CZ) subject to different decoherence mecha-
nisms are presented. These mechanisms include analysis of depolarizing quantum noise and proc-
esses of amplitude and phase relaxation. Finally, we consider error correction of phase flip, and the 
tasks of creating and maintaining the entanglement, as well as its breaking for two- and multi-qubit 
realizations of quantum operations. Importance of the present analysis for the quality and efficiency 
of quantum information technologies in practical applications is discussed. 
 
 
 1. Introduction 
At present dozens of various models of quantum computers are being actively discussed. 
Among the most prospective and interesting suggestions on quantum registers realization are the 
projects based on ion traps, nuclear spins, quantum dots, photons, charge, flux and phase states in 
superconducting structures, atoms in a Rydberg state, quantum states of vacancy centers in dia-
mond, and other [1-4]. The main achievement of the research in the field performed until now is a 
practical demonstration of validity of physical principles underlying the idea of quantum computa-
tions. The main obstacles for building a full-scale quantum computer are a poor development of 
manufacturing technology for quantum registers relative to requirements, difficulties of measure-
ment and control of quantum states, and of suppression of decoherence caused by quantum noise. 
Right now, the accuracy of the realization (probability of coincidence between theoretical and ex-
perimental quantum states) is only 60-80%, while the required accuracy must be 99.99 % and 
higher. 
One of the most significant bottlenecks in the development of quantum information technologies 
is the lack of proper methodology for quantum states and processes control. Such a quantum meas-
urements-based methodology is needed to provide an interface between development and imple-
mentation of quantum integrated circuits. Mathematically, at the heart of such methodology is the 
quantitative statistical theory of quantum operations and measurements based on the use of prob-
ability-operator valued measures (decompositions of identity) and of completely positive maps of 
operator algebras in a Hilbert space [5,6]. From the technology viewpoint, methods, algorithms, and 
computer programs that would be capable to provide an adequate and exhaustive estimation of qual-
ity and efficiency of specific quantum information systems must be developed on the basis of the 
considered mathematical theory [7,8]. Quantum operations are described by reduced dynamics of 
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open quantum systems, based on the concept of complete positivity, as studied in statistical me-
chanics [9], [10], [11], [12], and in quantum communication theory [13].  
It is important to emphasize that the concept of complete positivity can be represented by differ-
ent means such as extended unitary dynamics of an open quantum system interacting with its envi-
ronment; Kraus operator decomposition; Choi-Jamilkowski isomorphism; and the formalism of 
quantum Markov (dynamical) semigroups. We will not limit ourselves to any particular approach, 
but rather use all of them interconnectively for a comprehensive mathematical modeling of quantum 
computer integrated circuits. For instance, a unitary representation of quantum operations in ex-
tended space is necessary to describe relaxation processes simultaneously with its Hamiltonian evo-
lution (in this case all processes are described by a single Schrödinger's equation). The operator-
sum formalism allows one to manifestly decompose a non-unitary evolution of a density matrix into 
its components as defined by the corresponding Kraus operators. Note, however, that Kraus opera-
tors are non-unique (to a wide degree of unitary arbitrariness). The calculation of the Choi – Jami-
olkovski chi-matrix allows one to check the fulfillment of the conditions for complete positivity. 
Such formalism is very important for analyzing the quality of designed gates. In fact, it allows sub-
stituting analysis of the evolution of an infinite number of possible states by that of a single state in 
a higher dimensional Hilbert space.  Finally, the concept of the evolution matrix, which simplifies 
and visualizes the relation between the input and the output density matrices, is very convenient. 
Moreover, the Choi-Jamiolkowski chi-matrix and the evolution matrix can be easily transformed 
into one other. 
The purpose of our paper is to consistently describe the methods and algorithms of mathematical 
modeling of quantum operations for the tasks of the quantum computer integrated circuit implemen-
tation. We focus on analysis of quantum operations described by the Hamiltonian dynamics of 
quantum gates that are influenced by environmental quantum noise, in particular, on some practi-
cally important gates, such as SQiSW (a square root from i-SWAP), controlled NOT (CNOT), and 
also controlled Z-transformation (CZ). We take into account various mechanisms of decoherence, 
including the depolarizing quantum noise, and the processes of amplitude and phase relaxation. An-
other important goal is the analysis of entanglement dynamics which plays a key role in quantum 
information technologies. In particular, the analysis of emergence, maintaining and breaking of the 
entanglement in the two- and multi- qubit operations, subject to influence of quantum noise is im-
portant both from fundamental and practical points of view. 
 The structure of the paper is as follows: 
In Section 2, the basics of quantum operations theory are described. We emphasize a defi-
nite matrix representation for the main objects of the theory, which is convenient for computer 
modeling the quantum operations. We consider different ways of describing quantum operations, 
including operator-sum, unitary representation, the Choi-Jamiolkowski states with corresponding 
chi-matrixes, and finally, the evolution operator of a quantum system. In Section 3, we discuss the 
method of modeling amplitude and phase relaxation of qubit states. The method is based on using 
Kraus operators and unitary representation. One of the complications in the real gates is that the 
processes of Hamiltonian evolution and relaxation act simultaneously and cannot be separated. In 
Section 4 we consider modeling of a number of specific gates, including SQiSW, CNOT and CZ, 
and attempt to solve the practical implementation issues. The problem of quantum error correction 
in the Choi-Jamiolkowski states framework is also studied in this Section. Section 5 is devoted to 
the analysis of entanglement for quantum operations in quantum noise environment. We demon-
strate that there are two practically useful measures of entanglement for different ways of choosing 
two subsystems in a Choi-Jamiolkowski state. The final Section 6 summarizes the main conclusions 
of our work. 
 
2. Quantum operations and quantum noise 
It is well known that an ideal quantum logical element (gate) performs a unitary transforma-
tion of a quantum state (density matrix): 
† .out inU Uρ ρ=         (1) 
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However, real evolution is never purely unitary. For more realistic models we need to consider the 
unavoidable interaction of the quantum system with its environment (quantum noise). In the frame-
work of quantum open systems theory, the evolution of states is determined by the operator-sum 
( ) †k k
k
E Eρ ρ= ∑E  [5, 6]. Therefore, the relation between the input and the output states is de-
fined by the formula:  
  †
out k in k
k
E Eρ ρ= ∑ ,        (2) 
where kE are the so-called Kraus operators. 
The operators kE in the s -dimensional Hilbert space can be represented by s s× -matrices. For a 
unitary transformation there is only one summand defined by the operator U in the sum. Operators 
kE  must satisfy the constraint to preserve the density matrix trace: 
† †( ) 1out k in k k k in
k k
Tr Tr E E Tr E Eρ ρ ρ⎛ ⎞⎛ ⎞ ⎛ ⎞= = =⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠∑ ∑ .   (3) 
Here we take into account that the trace is invariant under cyclic permutations. Condition (3) must 
be met for every density matrix inρ . This is possible if and only if kE  satisfy the following normali-
zation condition:  
† ,k k
k
E E I=∑          (4) 
where I is the identity matrix of the order .s  
Non-unitary transformation (2) acting in a Hilbert space of dimension s can be interpreted as 
a consequence of some unitary transform U in a higher dimensional space. Let us consider m op-
erators kE  ( mk ,...,1= ). Then the msms × dimensional unitary matrix U  can be written in the 
following block form: 
1 : :
: : : .
: :m
E
U
E
⎛ ⎞⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
                    (5) 
Here the operators kE define only the first block-column of the matrix. We can complement the ma-
trix to a unitary by orthogonal complement.  
Clearly, the Hermitian conjugate matrix †U has the form 
†
1
† :
: : : .
: : :
mE E
U +
⎛ ⎞⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
       (6) 
Also, the normalization condition (4) meets the unitary property of  U  since 
: :
: : : .
: : :
I
U U+
⎛ ⎞⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
 
The unitary matrix U describes the interaction between an ancillary m -level system (environment) 
and the considered physical s -level system. States of the environment are enumerated by the col-
umns of the block matrix (5). 
The transformation operators kE can be calculated as matrix elements of the block-matrix U  
 0 ,kE k U=         (7) 
where 0 ,..., m  are orthonormal states of the environment (m-dimensional column vectors) 
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Note that equation (7) is written in block matrix form which means that 0 stands for sI⊗0 , 
where sI is the identity matrix of order  s  and similarly, we should take sIk ⊗  instead of k , 
etc. 
Unitary representation of a quantum operation assumes that the joint input state of the system and 
the environment is unentangled and it can be described by the tensor product 0 0 .inρ⊗ The 
output state is then †0 0 inU Uρ⊗ . It can be shown by direct calculation that the reduced den-
sity matrix of the last formula is defined by the operator decomposition (2). The joint output state 
†0 0 inU Uρ⊗  of the system and the environment  is entangled. Thus possible output envi-
ronment states describe distinguishable alternatives ( k -th alternative corresponding to the 
term †k in kE Eρ ).  
An operator-sum representation of a quantum operation guarantees that a Hermitian semi-
definite trace-normalized input matrix (i.e. a proper density matrix) will be transformed into a 
proper output density matrix. It appears that an operator-sum representation guarantees not only 
positivity, but also the so-called complete positivity of a map (2) [5,6]. 
Let us explain the physical meaning of the complete positivity condition. Let the considered state 
inρ  correspond to the system A , which is a subsystem of the large system AB . Therefore ( )ABinBAinin Tr ρ=ρ=ρ , i.e. the input density matrix inρ is the reduced density matrix of the joint 
state ABinρ obtained by the summation over the degrees of freedom of the subsystem B  (subsystem 
B  may be of arbitrary dimension). Let the quantum operation E  act on the subsystem A  only, 
while the subsystem B  is unchanged under the identical transformation I . Then the joint system 
AB is subject to the quantum operation ( )IE⊗ . As the result, ABinρ  is transformed into ABoutρ  by 
( )( ) .AB ABin outρ ρ⊗ =E I        (8) 
A natural physical condition is that the output matrix ABoutρ  is always positive semidefinite. This 
condition corresponds to the complete positivity of the map E.  
The non-triviality of the complete positivity condition is shown by the following example. Taking 
transpose of a density matrix inρ  leads to some density matrix Tinρ , which is generally different 
from .inρ However, the considered transform it is not completely positive hence it is not a quantum 
operation. In fact, let us consider a two-qubit density matrix, where the second qubit is ancillary. 
Then perform a partial transpose operation, when only the first qubit is being transposed. It can be 
shown that matrix elements are changed by the partial transpose as follows: 
12,1212,12 2121
1
2121 ++++
Τ ++++ ρ=ρ kkjjkjjk ,    (9) 
where 1 2 1 2, , , 0,1.j j k k =  
Let an input state be the maximally entangled Bell-state: 
( )
⎟⎟
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜⎜
⎜
⎝
⎛
=+=Φ
1
0
0
1
2
11100
2
1 ,   
1 0 0 1
0 0 0 01 .
0 0 0 02
1 0 0 1
inρ
⎛ ⎞⎜ ⎟⎜ ⎟= Φ Φ = ⎜ ⎟⎜ ⎟⎝ ⎠
 (10) 
The partial transpose of the first qubit leads to: 
    
1 0 0 0
0 0 1 01 .
0 1 0 02
0 0 0 1
outρ
⎛ ⎞⎜ ⎟⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
    (11) 
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The partial transpose operation can be intuitively represented as follows. Let us divide the 
44× density matrix inρ  into four 22× blocks. Then, we can apply the partial transform of the first 
qubit by the permutation of the upper-right and bottom-left blocks. The partial transpose of the sec-
ond qubit is the individual transposition of each block. 
The eigenvalues of outρ  are equal to 0.5;0.5;0.5; 0.5− − . Therefore, the output matrix is not com-
pletely positive and is not a proper physical density matrix. 
On the basis of the transformation elements, we can easily construct a so-called chi-matrix. This 
matrix plays a key role in quantum process tomography [3, 14-17]. Let us take the s s×  matrix 
1E  and rewrite it as column vector 1e of length 
2s  (we put the second column of 1E  under the 
first one, etc.). The obtained column 1e  will be the first column of some matrix e . Similarly the 
matrix 2E  will define the second column of e , etc.  
On the basis of the matrix e we can define the 2 2s s×  matrix χ :  
† .eeχ =     (12) 
It is important that χ  can be regarded as some density matrix in 2s -dimensional Hilbert 
space. Therefore, any quantum operation can be represented by some state in the higher-
dimensional Hilbert space. This is called Choi-Jamiolkowski isomorphism [5]. The corresponding 
state can be described as a joint state of two s-dimensional subsystems A  and B . The trace nor-
malization condition is reflected by the fact that the reduced density matrix Aχ  is equal to the iden-
tity s s× matrix:  
( ) .A BTr Iχ χ= =     (13) 
During calculation of different output measurement probabilities, the chi-matrix plays a role totally 
similar to the role of the density matrix. In fact, let the input state be some pure state inc  with the 
density matrix ininin cc=ρ . Note that the density matrix inρ is also a projector as inin ρ=ρ2 . 
We derive the output state outρ . Let us consider the projection on the pure column vector mc as a 
measurement ( mm cc=Π  is the corresponding projector). Then according to the Born-von 
Neumann postulate the probability of the considered result is   
( )outP tr ρ= Π .    (14) 
Next, let us consider a projective measurement on some equivalent effective state. The effective 
state is defined by the tensor product of the complex conjugate input state and the output measure-
ment state: 
* .m in mc с c= ⊗%    (15) 
mm cc ~~
~ =Π is a projector that corresponds to this measurement. We can consider chi-matrix as 
some density matrix and define the probability of the equivalent effective measurement: 
( ).P tr χ= Π% %     (16) 
It can be proved by direct calculation that these probabilities coincide ( PP =~ ). Therefore, from 
the probabilistic point of view a quantum process is fully defined by its chi-matrix or its transforma-
tion elements kE .  
 We may recast the property above in another important form based on the use of an ancillary 
state (ancilla) and Choi-Jamiolkowski state [5,6,16-19]. Let the considered quantum operation 
Ε act on the s-dimensional system A . Let us add an ancillary s-dimensional system B and consider 
the joint system AB . Then let us input the maximally entangled state  
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1
1 s
j
j j
s =
Φ = ⊗∑        (17) 
to our operation. Here the first factor in tensor product corresponds to the subsystem A, and the 
second corresponds to the subsystem B. 
The output state of such process is called the Choi-Jamiolkowski state. Let the identical transform 
I act on the subsystem B. Then the transform ( )EI ⊗ acts on the entire system AB .  
It appears that if the density matrix ( )ΦΦ  is submitted to the input, then the chi-matrix is ob-
tained at the output. However, the trace of this matrix is equal to 1, i.e.  
 ( )( ) χρ=ΦΦ⊗ EI , где 1 .sχρ χ=       (18) 
The validity of the result can be checked directly: 
1
1 1
,
†
,
1 1
k k
j j k
j j E j j E
s sχ
ρ χ= ⊗ =∑      (19) 
We illustrate the above considerations by the following figure. 
 
Fig. 1.  Quantum scheme of Choi-Jamiolkowski state calculation. 
 
Previously, we considered how to construct a chi-matrix by transformation elements kE . 
The solution of the inverse problem is as well straightforward. We need to diagonalize the chi-
matrix: 
† .U D Uχ χ χχ =         (20) 
Here χD is a diagonal matrix with the eigenvalues of χ  on the diagonal. All these eigenvalues are 
non-negative since the matrix χ is positive semidefinite. We arrange the eigenvalues in non-
increasing order. The columns of χU are the eigenvectors of χ . Then the matrix e can be calcu-
lated by the following equation: 
1/2 .e U Dχ χ=          (21) 
The number of nonzero eigenvalues of the chi-matrix is called the rank r of the quantum operation. 
It is obvious that 21 sr ≤≤ . Thus, an arbitrary quantum operation can be reduced to the form con-
sisting of no more than 2s matrices kE . The case of 1=r  corresponds to a unitary transformation.  
Matrix χD can be reduced to the size rr ×  by eliminating the zero columns and rows. Respec-
tively, the matrix χU  must be reduced to rs ×2 size by keeping only the first r columns. Then the 
matrix e  will be of the size rs ×2 , and the equations † †U D U eeχ χ χχ = =  will remain cor-
rect. Let us stress  that the matrix e  and, correspondingly, matrices kE  are defined in non-unique 
way. Let the matrix e  consist of m columns (there are m transformation elements kE , 
mk ,...,2,1= in the operator-sum) and have the dimension equal to ms ×2 . Clearly, the chi-matrix is 
invariant under the following transformation:  
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,e e eU′→ =         (22) 
where U is an mm × unitary matrix.  
The new matrices kE ′ , which are unitarily equivalent to the initial matrices kE , correspond to the 
new matrix e′ . 
 Note that we can make rm = by  optimizing the number of transformation elements. The 
initial number of transformation elements m can be even greater than 2s (in general, it can be arbi-
trarily large). However, the response of a quantum system can always be defined by just 2s trans-
formation operators, no matter how many elementary “noise” operators are influencing this system. 
This is an important informational confinement property of finite-dimensional quantum systems.  
A chi-matrix can be specified in different representations defined by sets of basis matrices. In all the 
discussion above we used the so-called standard representation. Let us define this representation 
explicitly. Let j  be a ket-vector (column), whose j -th element is equal to 1 and the others are 
zeros and let k  be the corresponding  bra-. Consider the matrix unit j k , whose single nonzero 
element (unit) is at the intersection of j -th row and k - th column. Let indices j  and k  take values 
from 1 to 2s  ( 2,...,2,1, skj = ). In total, there are 4s  such matrices. It is obvious that the chi-
matrix can be written in the following form:  
  ∑χ=χ
kj
jk kj
,
.       (23).    
Here the set of 4s  matrices j k  form the basis. The decomposition coefficients are obviously 
different for a transition from the matrices j k to another basis sets. This corresponds to different 
chi-matrix representations. 
For example, let us describe a transition from the standard basis described above to a representation 
defined by the Pauli matrices [3]. Consider a one-qubit basis set defined by the following four 
22× matrices  
 2/EI = , 2/xX σ= , 2/yiY σ−= , / 2zZ σ= .    (24) 
Then a two-qubit basis set will consist of all pairwise tensor products of the considered matrices (16 
matrices), a three-qubit set - of all tensor triplets (64 matrices) etc. We limit our consideration to the 
case of two-qubit quantum operations (generalizations to other cases is straightforward). 
A transition to the two-qubit basis set is performed by calculation of all pairwise tensor products of 
one-qubit matrices:  
IIII ⊗= ; XIIX ⊗= ; YIIY ⊗= ; ZIIZ ⊗= ; 
IXXI ⊗= ; XXXX ⊗= ; YXXY ⊗= ; ZXXZ ⊗= ; 
IYYI ⊗= ; XYYX ⊗= ; YYYY ⊗= ; ZYYZ ⊗= ; 
IZZI ⊗= ; XZZX ⊗= ; YZZY ⊗= ; ZZZZ ⊗= .   (25) 
We obtain 16 columns by stretching vertically all 16 matrices. For example, to obtain  column 
IIe we need to write the second column of the matrix II  under the first one, etc. As the result, we 
get 16 columns that generate the required 1616 × unitary transition matrix 0U  as follows: [ ]ZZZYZXZIYZYYYXYIXZXYXXXIIZIYIXII eeeeeeeeeeeeeeeeU =0 .  (26) 
Finally, the transition from the matrix χ  in the standard basis to the matrix χ′ in the basis defined 
by the Pauli matrices is specified by the following unitary transform: 
†
0 0 .U Uχ χ′ =                   (27) 
Transition to any other  basis can be described in a similar manner.  
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The sets of the basis matrices considered above are orthonormal. Generally, a set of basis matrices 
ja ( mj ,...,1= ) is orthonormal if  
†( ) ,j k jkT a ar δ=   , 1,..., .j k m=     (28) 
 Let us now consider an important connection between the chi-matrix and the evolution op-
erator of a quantum state.  
Let density matrices inρ  and outρ  be stretched into 2s -length columns. Then, by virtue of linearity 
of quantum operation, we can write: 
.iout nGρρ =        (29) 
Here G specifies the corresponding 22 ss × evolution matrix.  
It is important to note that matrices G  and χ consist of the same elements (permuted). 
It can be shown that the correspondence between the indices of these matrices is given by the fol-
lowing relation: 
( ) ( ) ( ) ( ) nskmsjksjnsmG +−+−−+−+ χ= 1,11,1       (30) 
snmkj ,..,2,1,,, =  
Time-homogenous Markovian processes are an important special case of such correspondence. Let ( )tG Δ  be an evolution matrix for the time interval tΔ . Then N steps of the evolution (i.е. the evo-
lution during time tNt Δ= ) are defined by: 
( ) ( )( )NtGtG Δ=          (31) 
A Markovian condition of a quantum operation means that the environment “remembers” its corre-
lations with the system for an infinitesimally small period of time. In the language of a unitary rep-
resentation of a quantum operation this can be explained by the following consideration. As usual, 
consider an unentangled joint input state of a system and its environment that is given by the tensor 
product inρ⊗00 . We obtain an entangled joint state †0 0 inU Uρ⊗ as the effect of unitary 
evolution U .The process of “forgetting” the correlations between the system and its environment is 
characterized by the fact that after short time tΔ the joint state becomes unentangled again. This 
state is given by the tensor product outρ⊗00 , i.e.: 
decoherenc† e0 0 0 0 .in outU Uρ ρ⊗ ⎯⎯⎯⎯→ ⊗   (32) 
It is very useful to be able to separate “purely quantum” noise while practically working 
with noisy quantum gates. In order to do so we need to represent the considered quantum operation 
E  in the form: 
.= =-10 0 0E EE E EE%      (33) 
Here 0E is the ideal unitary quantum operation, -10E  is the inverse operation to 0E . We 
also defined the new quantum operation -10EEE =~ , which effectively corresponds to the quantum 
noise in the gate [3]. The operation E
~
allows one to estimate the quality of a quantum gate (the 
closer the operation to the identity transformation, the higher is the quality of the operation).  
We denote the chi-matrix that corresponds to the operation E
~
 by χ~ 1 
 
                                                 
1 This matrix is quite useful in problems of quantum processes' tomography (A.N. Korotkov- private communication) 
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3.  Amplitude and phase relaxation of qubit states 
Let us start with a simple but a very important case of pure dephasing.   
The Kraus operators of pure dephasing are given by 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
γ−= 10
01
0E
,
 1
0 0
.
0
E γ
⎛ ⎞= ⎜ ⎟⎜ ⎟⎝ ⎠
     (34) 
Using (2) we can easily calculate transformation of a density matrix 
0 0
†
1
†
1 .out in inE E E Eρ ρ ρ= +        (35) 
Let us parameterize the input state as follows: 
.
1in
a b
b a
ρ ∗⎛ ⎞= ⎜ ⎟−⎝ ⎠         (36)  
Then 
 
1
.
1 1
out
a b
b a
γρ γ∗
⎛ ⎞−= ⎜ ⎟⎜ ⎟− −⎝ ⎠       (37) 
We see that diagonal elements of the density matrix are invariant for the pure dephasing case. These 
elements determine the populations of the energy levels.  
Historically, a spin-spin nuclear relaxation was one of the first phenomenon’s used for studies of 
quantum processes [20]. Nuclear spins and other physical systems experiments show that non-
diagonal elements characterizing coherence usually decrease exponentially with time. Therefore it 
is natural to use the following parameterization: 
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −=γ− pureT
t
2
exp1 ,    
2
21 exp .pure
t
T
γ ⎛ ⎞= − −⎜ ⎟⎝ ⎠
     (38) 
The time parameter pureT2  introduced here characterizes pure dephasing. 
Finally, we have the following equation for the pure dephasing process: 
⎟⎟
⎟⎟
⎟⎟
⎠
⎞
⎜⎜
⎜⎜
⎜⎜
⎝
⎛
−⎟⎟⎠
⎞
⎜⎜⎝
⎛ −
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −
=ρ
∗ a
T
tb
T
tba
pure
pure
out
1exp
exp
2
2       (39) 
Let us note the correspondence between the pure dephasing process and  phase flip. A phase flip 
(Z-error) is described by the following Kraus operators: 
⎟⎟⎠
⎞
⎜⎜⎝
⎛−=
10
01
10 pE
,
 1
1 0
,
0 1
E p ⎛ ⎞= ⎜ ⎟−⎝ ⎠     (40) 
where p is the probability of error. 
It is easy to see that the two considered processes coincide if  
γ−=− 121 p  , 1 .2p ≤       (41) 
Consequently, we obtain the correspondence between the error probability and the pure dephasing 
time: 
 2
exp1
2
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−
=
pureT
t
p ,  ( )2 .ln 1 2pure
tT
p
= − −    (42) 
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Initially ( 0)t =  p  is equal to zero (no decoherence), and we have  full decoherence 
( 2/1→p ) as ∞→t . 
The so-called amplitude relaxation is the next important process we consider. In this case the 
Kraus operators are given by: 
0
1 0
,
0 1
E γ
⎛ ⎞= ⎜ ⎟⎜ ⎟−⎝ ⎠  1
0 .
0 0
E γ⎛ ⎞= ⎜ ⎟⎝ ⎠      (43) 
The parameter γ defines the relaxation (leap) probability. This leap is related to the transfer from the 
excited state 1 to the ground state. We assume that 0 is the final state after the amplitude relaxa-
tion. 
Once again let ⎟⎟⎠
⎞
⎜⎜⎝
⎛
−=ρ ∗ ab
ba
in 1  , then 
 
( )
( ) ( )
1 1
.
1 1 1
out
a a b
b a
γ γρ γ γ∗
⎛ ⎞+ − −⎜ ⎟= ⎜ ⎟− − −⎝ ⎠     (44) 
We see that the amplitude relaxation affects both diagonal and non-diagonal elements. Note that 
generally it is impossible to provide an upper level population damping without the loss of coher-
ence, due to the loss of density matrix positive semidefiniteness property.  
Historically, a spin-lattice nuclear relaxation was one of the most important systems in the studies 
of the amplitude relaxation process [20].  
Let us introduce the parameter 1T that characterizes time-exponential relaxation of the upper level  
 ⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−=γ
1
exp1
T
t ,  
1
1 exp .
2
t
T
γ ⎛ ⎞− = −⎜ ⎟⎝ ⎠      (45) 
and discuss the difference between these equations and formulas for the pure dephasing. Time 1T  
parameterizes the speed of relaxation of the diagonal elements of the density matrix. For non-
diagonal elements the relaxation is two times slower. Thus 
( )
( )
1 1
1 1
1 1 exp exp
2
.
exp 1 exp
2
out
t ta b
T T
t tb a
T T
ρ
∗
⎛ ⎞⎛ ⎞ ⎛ ⎞− − − −⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎜ ⎟= ⎜ ⎟⎛ ⎞ ⎛ ⎞⎜ ⎟− − −⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
     (46) 
One can easily see that the effect of both processes applied simultaneously is the following: 
( )
( )
1 2
2 1
1 1 exp exp
.
exp 1 exp
out
t ta b
T T
t tb a
T T
ρ
∗
⎛ ⎞⎛ ⎞ ⎛ ⎞− − − −⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎜ ⎟= ⎜ ⎟⎛ ⎞ ⎛ ⎞⎜ ⎟− − −⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
    (47) 
Here we introduced the new parameter 2T  such that 
2 2 1
1 1 1 .
2pureT T T
= +         (48)  
Therefore,  
 2 12 .T T≤          (49) 
Through the experimental measurement of a density matrix, we can find the parameters 1T  and 
2T . Then, we can easily calculate the pure dephasing parameter:  
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1 2
2
1 2
2 .
2
pure T TT
T T
= −         (50) 
Next, we shall consider a unitary representation of amplitude and phase relaxation processes. 
This representation will be used in Sections 4 and 5 for analysis of implementation of the algo-
rithms modeling the quantum gates. Consider the phase relaxation first; the Hamiltonian that de-
scribes the interaction between a physical qubit and a ancillary qubit that simulates the environment 
is  ( )† † .H i b a b a= ⊗ − ⊗        (51) 
Here a , †a , b , †b are the annihilation and creation operators of the main and ancillary qubits re-
spectively, ⎟⎟⎠
⎞
⎜⎜⎝
⎛=
00
10
a , 
† 0 0
1 0
a ⎛ ⎞= ⎜ ⎟⎝ ⎠ , and similarly for b. 
The unitary evolution defined by this Hamiltonian is 
( ) ( )( )† †exp   exp  .U i H b a b aθ θ= − = ⊗ − ⊗   (52) 
Let ( ) †† † 0 .0aA b a b a a⎛ ⎞−= ⊗ − ⊗ = ⎜ ⎟⎝ ⎠  
Then BA −=2 , where ⎟⎟⎠
⎞
⎜⎜⎝
⎛=
0
1
0
0
P
P
B , 0P  and 1P are the projectors: 
⎟⎟⎠
⎞
⎜⎜⎝
⎛=
00
01
0P , 1
0 0
.
0 1
P ⎛ ⎞= ⎜ ⎟⎝ ⎠  
The next powers of the matrix A are AA −=3 , BA =4  etc. 
It can be shown that in Taylor’s series expansion the odd powers will yield  sine and even powers  
cosine. As the result we obtain: 
0 1
†
1 0
cos sin
.
sin cos
P P a
U
a P P
θ θ
θ θ
⎛ ⎞+ −= ⎜ ⎟+⎝ ⎠      (53) 
Summation over degrees of freedom of the environment gives the following Kraus operators: 
0 0 1
1 0
0 0 cos ,
0 cos
E U P P θ θ
⎛ ⎞= = + = ⎜ ⎟⎝ ⎠     (54) 
1
0 sin
1 0 sin .
0 0
E U a
θθ ⎛ ⎞= = = ⎜ ⎟⎝ ⎠      (55) 
Thus, the relationship between the parameters θ  and γ is given by the following formula: 
2sin .γ θ=          (56) 
From equations (45) and (56), we get the relationship between the fictitious time θ  and the real 
time t  
1
arcsin 1 exp ,t
T
θ ⎛ ⎞⎛ ⎞⎜ ⎟= − −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
        (57)    
( )21 ln cos .t T θ= −        (58) 
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This relationship is illustrated in the following figure. 
 
 
Fig. 2. The relationship between the real and fictitious times in the problem of the amplitude relaxa-
tion unitary representation.  
 
We will provide another useful interpretation of this result. If the initial state of the environment 
is 0  and the state of the physical qubit is 10 β+α , then the unitary evolution of the joint sys-
tem is:  ( ) ( )0 0 1 00 cos 01 sin 10 .U α β α β θ θ+ = + +  (59) 
We see that two distinguishable alternatives appear as the result of interaction of the qubit with its 
environment. If we obtain 0 after the measurement of the environment then  
.
cos
α α
β β θ
⎛ ⎞ ⎛ ⎞→⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠         (60) 
 
This is the 0E process since 
0 .cos
E
α α
β β θ
⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠        (61) 
If we obtain 1 after the measurement of the environment then  
sin
.
0
α β θ
β
⎛ ⎞ ⎛ ⎞→⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠         (62) 
This is the 1E process, because 
1
sin
.
0
E
α β θ
β
⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠       (63) 
Next, let us consider the interaction Hamiltonian for the phase relaxation modeling ( )† † .H b b a a= + ⊗         (64) 
Here the operators b and †b correspond to the environment qubits, while a and †a correspond to 
the physical qubits. 
The unitary evolution defined by this Hamiltonian is  
( ) ( )( )† †exp   exp  .U i H i b b a aθ θ= − = − + ⊗    (65) 
Let us represent the Hamiltonian and the corresponding unitary transform in the explicit matrix 
form: 
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1
0 0 0 1 0 0
,
1 0 0 0 0 1
a a P+ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠  
0 1
,
1 0 x
b b σ+ ⎛ ⎞+ = =⎜ ⎟⎝ ⎠  
( )† 1
1
† 0
0
P
H b b a a
P
⎛ ⎞= + ⊗ = ⎜ ⎟⎝ ⎠ , 
the square of this matrix being 
⎟⎟⎠
⎞
⎜⎜⎝
⎛=
1
12
0
0
P
P
H . 
Expansion of U into Taylor’s series gives 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
θ+θ
θθ+=
cossin
sincos
101
110
PPiP
iPPP
U  .     (66) 
Summation over degrees of freedom of the environment gives  
⎟⎟⎠
⎞
⎜⎜⎝
⎛
θ=θ+== cos0
01
cos00 100 PPUE ,     (67) 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
θ=θ== sin0
00
sin01 11 iiPUE .     (68) 
Note that the phase coefficient i is insignificant in the last equation, because it does not affect the 
Kraus decomposition.  
Therefore the relationship between parameters θ  and γ is again 
2sin .γ θ=          (69) 
The relation between the fictitious time θ  and the real time t  is determined by the following for-
mula 
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−=θ pureT
t
2
2exp1arcsin .      (70) 
This relationship is analogous to (57). 
 
4. Mathematical modeling of quantum operations  
The approach in this paper is based on the use of the Choi-Jamiolkowski states and of the uni-
tary representation of open quantum system. A quantum operation that describes the action of a 
noisy quantum gate can be given via chi-matrix, a G-matrix (the evolution matrix), or via the Kraus 
operators. The goal of the modeling is to compute these matrices. 
As an example, let us consider the method of two-qubit gate modeling subject to phase and am-
plitude relaxations. In this case, we can use 6 ancillary qubits along with the two physical qubits. 
Qubits 1 and 2 represent ancillas of the relative Choi-Jamiolkowski state. These two qubits together 
with the physical qubits 3 and 4 form the maximally entangled state ΦΦ  given by (17). We 
introduce another four qubits 5 –8 to describe the phase and the amplitude relaxations. These qubits 
interact with the physical qubits as described by the Hamiltonian in Section 3. Qubit 5 serves for the 
amplitude relaxation of the qubit 3 with the time-parameter 1T . Similarly, qubit 6 supports (?) the 
phase relaxation of the same qubit 3 with the time-parameter pureT2 . In the same manner, qubits 7 
and 8 support qubit 4. 
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In the Markovian approach, evolution is defined by the unitary operator in Hilbert space of all eight 
qubits 
 ( )exp .U iH t= − Δ        (71)  
At the beginning the state of the entire system is 
( )0 0 0 .ρ = Φ Φ ⊗       (72) 
Similarly, the initial state before every evolution step is 
( ) ( ) 0 0 .t tχρ ρ= ⊗       (73) 
Here ( )tχρ  is the density matrix of the first four qubits (the chi-matrix at the time t ). 
The final state after every step is 
( ) ( ) †.t t U t Uρ ρ+ Δ =        (74) 
The last action of every step is  Markovian reduction. This reduction is performed by tracing over 
the environment degrees of freedom and “forgetting” the system-environment correlations.  
( ) ( ) 0 0 .t t t tχρ ρ+ Δ → + Δ ⊗      (75) 
We choose opertt )1010(
42 −− −=Δ
 as the magnitude of the discretization time interval, 
where opert is the total time of the operation. The results of modeling show that calculated values 
become independent of tΔ  as tΔ decreases (for example, the results for opertt 210 −=Δ  are 
practically equal to the results for opertt
410 −=Δ   for the majority of cases). 
In the following examples, we shall consider two types of the quantum noise: amplitude and phase 
relaxation introduced in Section 3, as well as the depolarizing noise.  
The depolarizing noise is one that changes ss × density matrix as follows: 
 ( ) †1 .pI p U U
s
ρ ρ→ + −        (76) 
Here I  is the ss × unit matrix. The initial state is replaced by a fully chaotic state with probabil-
ity p , and we have an ideal unitary transform U  with probability p−1 . 
Chi-matrix and Kraus operators of the depolarizing quantum noise can be constructed as follows. 
Let Ue be the 2s -length column normalized by 1, which is constructed by stretching the ss ×  
unitary matrix U  (the 2-nd column is written under the first one etc.) and multiplying by the nor-
malization coefficient s/1 (
† 1U Ue e = ). 
Consider the projector 
†
U UP I e e= − , where I is the identity 2 2s s×  matrix. 
The matrix P has 2s eigenvalues. One of them is zero, and the others  are equal to 1. We take the 
eigenvectors corresponding to nonzero eigenvalues and combine them into ( )122 −× ss  matrix PU . 
This matrix defines an orthogonal complement to Ue .   
Let us combine the column 
( )
Ues
ps
2
2 11 −− and the matrix PUs
p
2  into the single matrix  
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( )2
2 2
1
1   .U P
s p pe e U
s s
⎡ ⎤−⎢ ⎥= −⎢ ⎥⎣ ⎦
       (77) 
Finally, we obtain the target chi-matrix normalized by 1 
.eeχ +=           (78) 
The Kraus operators can be derived from the chi-matrix as described in section 2. 
The first example of modeling is a CNOT chi-matrix (in Pauli matrices representation) on Fig. 
3. The ideal case without noise is presented on the upper figure (a). The amplitude and phase re-
laxation with parameters 1 5T =  and  2 3T =  is presented on the middle figure (b)   (the operation 
time is 1). The Hamiltonian of the operation is 
0 0 0 0
0 0 0 0
.
0 0 / 2 / 2
0 0 / 2 / 2
CNOTH π π
π π
⎛ ⎞⎜ ⎟⎜ ⎟= ⎜ ⎟−⎜ ⎟−⎝ ⎠
       (79) 
Finally, the chi-matrix of the CNOT gate with depolarizing noise ( 6.0=p ) is presented on the bot-
tom figure (c). Note that imaginary parts in figures (a) and (c) are equal to zero.  
 
(a) ideal gate 
 
 
 
 
(b) amplitude and phase relaxation 
 
 
 
 
 
 16
 
(c) depolarizing noise 
 
Fig. 3. Chi-matrix of the CNOT gate: (a) ideal gate without noise; (b) amplitude and phase re-
laxation with parameters 1 5T =  and  2 3T =  (the operation time is 1); (c) depolarizing noise 
( 6.0=p ). 
 
The next example is a noisy SQiSW gate. Here again, the ideal gate is presented on the fig-
ure (a), amplitude and phase relaxation on the figure (b), and, finally, the depolarizing noise 
( 5.0=p ) on the figure (c). 
A two-qubit SQiSW (square root of i-SWAP) transform appears as the result of the capacity (?) in-
teraction between the superconducting qubits [21-23], ( )( )011010012/int += gH h ,      (80) 
where g is the interaction constant. 
Note that this Hamiltonian corresponds to the Heisenberg XY-interaction model.  
Evolution of the system is determined by the unitary matrix 
( ) ( )
( ) ( )int
1 0 0 0
0 cos / 2 sin / 2 0
.
0 sin / 2 cos / 2 0
0 0 0 1
gt i gt
U
i gt gt
⎡ ⎤⎢ ⎥−⎢ ⎥= ⎢ ⎥−⎢ ⎥⎣ ⎦
     (81) 
The pi-impulse ( π=gt ) performs the swap (i-swap): 1001 i−→ ,   0110 i−→ . The half-
length impulse ( 2/π=gt ) performs the required SQiSW operation.  
In the example illustrated by figure (b) the relaxation parameters are 1 3T = and 2 1.5.T =  Once 
again, we assume the time of operation to be equal to 1.  
 
(a) ideal gate 
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(b) amplitude and phase relaxation 
 
 
(c) depolarizing noise 
 
 
 
Fig. 4. Noise of the quantum SQiSW gate: (a) ideal gate; (b) chi-matrix with amplitude and 
phase relaxation; (c) depolarizing noise ( 5.0=p ). 
 
The next example considers modeling of a quantum CZ operation. Two-qubit CZ gate corre-
sponds to the controlled Z-transformation: the controlled target-qubit undergoes the phase-flip 
transform 1 0
0 1
Z ⎛ ⎞= ⎜ ⎟−⎝ ⎠
 if the controlling qubit is in the state 1 . The corresponding unitary matrix 
is: 
1 0 0 0
0 1 0 0
.
0 0 1 0
0 0 0 1
CZ
⎛ ⎞⎜ ⎟⎜ ⎟= ⎜ ⎟⎜ ⎟−⎝ ⎠
        (82) 
This example illustrates one of the important practical features of the quantum state engineering: the 
use of ancillary quantum levels.   
Consider a three-level quantum system consisting of a qubit and a qutrit (three-level quantum sys-
tem). Once again, let the resonance interaction between 11 and 02  have the form defined by 
the Heisenberg XY-interaction: ( )( )110202112/int += gH h ,      (83) 
where g is the interaction constant. 
The Hamiltonian in the matrix form is: 
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int
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 / 2 0
.
0 0 0 0 0 0
0 0 / 2 0 0 0
0 0 0 0 0 0
g
H
g
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
         
The unitary evolution is defined by the higher-dimensional version of (81): 
( ) ( )
( ) ( )
1 0 0 0 0 0
0 1 0 0 0 0
0 0 cos / 2 0 sin / 2 0
.
0 0 0 1 0 0
0 0 sin / 2 0 cos / 2 0
0 0 0 0 0 1
gt i gt
U
i gt gt
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥−= ⎢ ⎥⎢ ⎥⎢ ⎥−⎢ ⎥⎣ ⎦
     (84) 
The condition on time π= 2gt  implies the target CZ evolution 
( )
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
2 .
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
U gt π
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥−= = ⎢ ⎥⎢ ⎥⎢ ⎥−⎢ ⎥⎣ ⎦
       (85) 
If we omit the 3-d and the 6-th columns and rows from the obtained 66× matrix, we will obtain 
the 44×  matrix of CZ. Notice that the deleted rows and columns correspond to the 02  and 12  
states, which are connected to the third level 2  of the qutrit. This level is necessary to construct 
the CZ gate, but we need the population of this level to be small (it must be zero in the perfect 
case). This ideal case is possible only without quantum noise and is practically unattainable due to 
the amplitude and phase relaxation.  
We will describe the relaxation of the considered system similarly to Section 3. However, now the 
creation and annihilation operators will have 33× size. Actually, they will be the submatrices of 
the standard infinite matrices of creation and annihilation of the harmonic oscillator, namely 
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
=
000
200
010
a ,  
0 0 0
1 0 0 .
0 2 0
a+
⎡ ⎤⎢ ⎥= ⎢ ⎥⎢ ⎥⎣ ⎦
     (86) 
Another feature of this approach is the necessity to reduce the three-level system to a two-level sys-
tem. The corresponding process is described by the following Kraus operators:  
⎥⎦
⎤⎢⎣
⎡=
010
001
0E , 1
0 0 0
.
0 0 1
E ⎡ ⎤= ⎢ ⎥⎣ ⎦
       (87) 
The quantum operation is reduced to the identification of the  level 2 with the level 1 :  
00 →  11 →  2 1 .→  
In such an approach, the double perturbation is combined into  a single one. It makes sense mostly 
for rough measurements (we can distinguish the unperturbed state from the perturbed one, but we 
can not split apart the one-photonic and two-photonic perturbations). For example, such situations 
often take place in the superconductive and optical technologies. Note also that the considered op-
eration is trace-preserving: 
0 0 1 1
1 0 0
0 1 0 .
0 0 1
E E E E+ +
⎡ ⎤⎢ ⎥+ = ⎢ ⎥⎢ ⎥⎣ ⎦
       (88) 
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 An example of the CZ chi-matrix subject to relaxation is presented on Fig. 5b. The relaxation times 
for the first ( A ) and second ( B ) qubits are: 
31 =AT , 41 =BT , 4.22 =AT , 2 3.2BT = . 
Once again, the (a) and (b) figures correspond to the ideal and depolarized gates ( 4.0=p ). 
 
(a) ideal gate 
 
 
(b) amplitude and phase relaxation 
 
 
 
 
(c) depolarizing noise 
 
 
Fig. 5.  Chi-matrix of CZ gate: (a) ideal case; (b) amplitude and phase relaxation; (c) depolarizing 
noise with 0.4.p =  
 
The Choi-Jamiolkowski states framework may be successfully applied for the analysis of the 
quantum error correction codes. 
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For example, consider a standard three-qubit error correction scheme (Fig.6) that corrects the phase 
error (phase flip) and uses CNOT and Hadamard gates [3]. Notice that the phase error effect is 
equivalent to the phase-flip Z operator acting independently on every qubit with some probability p.  
 
Fig.6.  Quantum scheme of phase error correction algorithm 
 
Let 0χ  be the 44 × chi-matrix that corresponds to the ideal transformation (the identity operation in 
our case), while χ  is the chi-matrix of the noisy gate with or without  error correction. The degree 
of coincidence between the ideal and noisy chi-matrices can be described by the fidelity: ( )21/ 2 1/20 0 .F Tr χ χχ=         (89) 
We assume that the matrices are trace-normalized to one in this case.  
The chi-matrices of ideal and noisy (with probability p) gates are, respectively,  
⎟⎟
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜⎜
⎜
⎝
⎛
=χ
1001
0000
0000
1001
2
1Ideal
 , 
⎟⎟
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜⎜
⎜
⎝
⎛
−
−
=χ
10021
0000
0000
21001
2
1
p
p
Noise
   (90) 
Note that the scheme on Fig.6 shows the one-qubit transformation and not a three-qubit operation as 
it may seem at first glance. However, the inputs of the two ancilla qubits are fixed and the chi-
matrix of this operation is   
       
2 3 2 3
2 3 2 3
2 3 2 3
2 3 2 3
1 3 2 0 0 1 3 2
0 3 2 3 2 01 .
2 0 3 2 3 2 0
1 3 2 0 0 1 3 2
Code
p p p p
p p p p
p p p p
p p p p
χ
⎛ ⎞− + − +⎜ ⎟− −⎜ ⎟= ⎜ ⎟− −⎜ ⎟⎜ ⎟− + − +⎝ ⎠  
 (91) 
We can represent the considered chi-matrices in the Bell-states basis: 
,Idealχ + += Φ Φ         (92) 
( ) ( )2 3 2 31 3 2 3 2 ,Code p p p pχ + + + += − + Φ Φ + − Ψ Ψ   (93) 
( )1 ,Noise p pχ + + − −= − Φ Φ + Φ Φ      (94) 
where 
( )
1
01 100 11
02 2
1
+
⎞⎛ ⎟⎜ ⎟⎜Φ = + = ⎟⎜ ⎟⎜⎝ ⎠
, ( )
0
11 101 10 ,
12 2
0
+
⎛ ⎞⎜ ⎟⎜ ⎟Ψ = + = ⎜ ⎟⎜ ⎟⎝ ⎠
 
( )
1
01 100 11 .
02 2
1
−
⎛ ⎞⎜ ⎟⎜ ⎟Φ = − = ⎜ ⎟⎜ ⎟−⎝ ⎠
      (95) 
From the chi-matrix expressions introduced above we can get the desired fidelity values: 
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( ), 1 ,Ideal NoiseF pχ χ = −        (96) 
( ) 2 3, 1 3 2 .Ideal CodeF p pχ χ = − +       (97) 
The derived result is presented on Fig. 7  
 
 Fig. 7. Illustration of the use of the Choi-Jamiolkowski formalism for analysis of the phase-flip correction code  
 
 We can see that for small p’s the correction code leads to a slower quadratic dependence in-
stead of the linear one. These results coincide with the results of the well-known approach ([3]?) but 
differ from a methodological point of view. Our approach is based on the concept of fidelity (89) of 
two quantum operations. Here, the Choi-Jamiolkoski state represents a quantum operation as a 
whole. In our opinion, the proposed approach is simpler than the traditional one based on the mini-
mal fidelity for individual states [3], because in the latter case we need to consider all possible in-
put states and solve the optimization problem.  
We have considered here only the problem of phase flip error correction. The quantum error detec-
tion, which is associated with the energy relaxation, is discussed in the recent paper [24]. 
 
5.  Dynamics of the quantum operations entanglement 
The Choi-Jamiolkowski state characterized by a chi-matrix contains complete information about 
the corresponding quantum operation. One may expect that the study of entanglement characteris-
tics of the Choi-Jamiolkowski state could provide an important information about the emergence, 
maintaining and breaking of the entanglement in the quantum operations. Consider a two-qubit 
quantum operation and the corresponding four-qubit chi-matrix. Here again, we assume that qubits 
1 and 2 form the ancillary system and qubits 3 and 4 are the components of the open physical sys-
tem. Consider two ways of splitting the joint system into subsystems. 
In the first approach qubits 1 and  2 form the first subsystem while qubits 3 and  4 form the sec-
ond  subsystem. In the second approach the first subsystem is formed by  qubits 1 and  3 and the 
second one is formed by qubits 2 and  4.Our goal is to study entanglement between the correspond-
ing subsystems.  
In the first case subsystems A  and B  are initially in the maximally entangled pure state Φ  de-
scribed by (17). The decoherence process due to quantum noise leads to a gradual break-up of the 
entanglement (in other words, the channel is subject to partial or full loss of the entanglement).  
The situation of spatial separation of the subsystems  A and B is of particular interest to the quantum 
information technology. In this case, entanglement between the distant subsystems allows one to 
perform such specific tasks as quantum teleportation, quantum dense coding,  quantum cryptogra-
phy protocols  etc.  
The second opposite case is that of initially non-entangled subsystems A′  and B ′ . Then our study 
concerns the important property of  two- and multi-qubit gates to produce and maintain the entan-
glement resource even under the quantum noise. The entanglement that emerges during the evolu-
tion process can be treated as the correlation between two quantum channels linked to the physical 
qubits.  
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We shall use the so-called negativity measure to estimate the amount of entanglement between the 
subsystems. This is an easy-to-compute measure of entanglement, equal to the absolute value  of the 
sum of all negative eigenvalues of the partially transposed density matrix. We can compute the 
negativity by the formula: 
 1 .
2
pt pt
j j
j j
Negativity λ λ⎛ ⎞= −⎜ ⎟⎝ ⎠∑ ∑        (98) 
 
In our case the chi-matrix χ has unit trace and plays the role of a density matrix. In the equation 
above jλ are the eigenvalues of ;χ ptjλ are the eigenvalues of partially-transposed chi-matrix 
,ptχ . This matrix is generated by the transform BA ET ⊗  which transposes subsystem A and 
leaves unchanged subsystem B. Generally speaking, this transform is not physical, because it can 
lead to a nonpositive output matrix if the subsystems are entangled. Thus, the presence of the nega-
tive eigenvalues in the matrix ptχ is a necessary condition for inseparability of the subsystems A 
and B . Note that this condition is also sufficient for subsystems of 22 × , 32 ×  or 23× dimensions 
(the so-called Peres–Horodeckis criterion).  
In the case of two-qubit operations both χ and ptχ  matrices are of 1616 × size. An explicit 
equation connecting the matrix elements for the first-type split (into the subsystems { }2,1=A  and 
{ }4,3=B ) is: 
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1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 48 4 2 1,8 4 2 1 8 4 2 1,8 4 2 1
,k k j j j j k k j j j j k k k kχ χΤ + + + + + + + + + + + + + + + +=   (99) 
1 2 3 4 1 2 3 4, , , , , , , 0,1.j j j j k k k k =  
 
A similar formula for the second-type split (into the subsystems { }3,1=′A  and { }4,2=′B )  is  
13
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
T
8 4 2 1,8 4 2 1 8 4 2 1,8 4 2 1,k j k j j k j k j j j j k k k kχ χ+ + + + + + + + + + + + + + + +=   (100) 
1 2 3 4 1 2 3 4, , , , , , , 0,1.j j j j k k k k =  
 
The equations presented above can be generalized to the arbitrary dimensions. For example, if a 
quantum operation acts in s-dimensional Hilbert space, the first-type split is described by : 
( ) ( ) ( ) ( )
A
1 2 1 2 1 2 1 21 , 1 1 , 1
,s k j s j k s j j s k kχ χΤ − + − + − + − +=      (101) 
1 2 1 2, , , , 1,..., .j j k k s=  
 
Note that zero negativity defines the so-called PPT-channels [6]. The Choi-Jamiolkowski states of 
these channels remain positive under a partial transpose. Entanglement-breaking channels are an 
important particular case of PPT-channels. In general, PPT-states have an entanglement, but this 
entanglement is in some sense “weak” because it does not allow for distillation.    
 
Fig.8 illustrates breaking of entanglement of the initially maximally entangled state under the depo-
larizing noise. Here the dimensions of the states vary from 2=s  to 10.s =   
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Fig. 8. Breaking of entanglement under the depolarizing noise in the Hilbert spaces of dimensions from 
2=s  to 10s =  (from bottom to top).  
 
Notice that negativity decreases linearly from the maximum (no noise) to zero for the critical noise 
value  
.
1c
sp
s
= +          (102) 
  This value can be also derived theoretically [6,25].  
 
The next Fig.9 illustrates the breaking of entanglement under the amplitude and phase re-
laxation for the case of two-qubit and four-qubit quantum operations ( 2=s  and 4=s ). The pa-
rameters of the relaxation are 51 =T , 2 3.T =  
 
Fig.9. Breaking of entanglement under the amplitude and phase relaxation for the case of two-qubit and four-
qubit quantum operations ( 2=s  and 4=s ). The parameters of relaxation are 51 =T , 2 3.T =  
 
Note that for the first-type split negativity is independent of the operations acting on the system (i.e. 
single-, two- or multi-qubit operations), because in this case all operations are local.  
 Now consider emergence and breaking of the entanglement for the second-type split. Here 
the initial entanglement between the subsystems A′  and B′  is zero, and the results critically depend 
on the type of the quantum operation considered.  
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Fig. 10 illustrates the dynamics of the entanglement for the Heisenberg XY-interaction. The corre-
sponding Hamiltonian is 
( )( )int / 4 01 10 10 01 .H π= +h     (103) 
The SQiSW gate is realized for 1.t =  
The ideal dynamics without noise is presented on the upper figure, and dynamics under the ampli-
tude and phase relaxation with parameters 71 =T  52 =T   on the lower figure.  
 
a) The ideal gate 
 
 
b) The gate under the amplitude and phase relaxation 
 
 
 
Fig.10.  Dynamics of the entanglement for the Heisenberg XY-interaction: (a) ideal gate; (b) under the ampli-
tude and phase relaxation 
 
The next Fig.11 shows similar behavior for the CNOT gate. 
 
 
a) The ideal gate 
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b) The gate under the amplitude and phase relaxation 
 
 Fig.11.  Dynamics of entanglement for the CNOT Hamiltonian: (a) ideal gate; (b) under the amplitude and phase 
relaxation 
 Figure 12 shows the entanglement of the χ~ matrix, which  describes “pure” noise. A rela-
tively small residual entanglement that is observed in this case characterizes the correlations be-
tween the errors that appear in different qubits during the two-qubit gates realizations. This effect 
impedes implementation of quantum error correction algorithms, because the latter usually aim to 
correct separate independent errors.  
The upper figure shows the residual entanglement for the Heisenberg XY-model, the lower graph 
illustrates the dynamics for the CNOT Hamiltonian. The parameters of relaxation are once again  
71 =T , 52 =T  . 
 
a) The gate SQiSW 
 
 
b) The gate CNOT 
 
 
Fig. 12.  Dynamics of the entanglement of quantum noise due to phase and amplitude relaxation for  
(a) XY - interaction model, (b) CNOT Hamiltonian 
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6.  Conclusions 
 Let us briefly formulate the main results of the paper. 
1. Methods and algorithms of mathematical modeling of quantum operations were developed 
having in mind the tasks of design of the quantum computers hardware. We reviewed the 
basics of quantum operations theory emphasizing certain matrix representations of main ob-
jects, which appear quite useful for the algorithms implementation. Different ways of de-
scription of quantum processes were considered, including the operators-sum, the unitary di-
lation, the Choi-Jamiolkowski states (chi-matrix), and the evolution operator. The method of 
modeling the amplitude and phase relaxation acting simultaneously with the Hamiltonian 
evolution was described in detail.  
2. Some practically important quantum gates, including SQiSW (square root of i-SWAP), con-
trolled NOT (CNOT), and controlled Z-transform, were modeled taking into account differ-
ent mechanisms of decoherence (depolarizing noise, amplitude and phase relaxation).  
3. By the example of the phase-flip error correction, the problem of quantum error correction 
in the framework of the Choi-Jamiolkowski states was considered. This approach allows one 
to estimate a quantum operation as a whole. It is an alternative to the standard approach [3] 
which is based on the lower bounds for the fidelity between individual states and on the so-
lution of the corresponding minimization problem.  
4. The problem of emergence, maintaining and breaking of the entanglement for two- and 
multi-qubit quantum operations in quantum noise was considered. It was shown that differ-
ent splitting of the Choi-Jamiolkowski state into subsystems leads to  two practically impor-
tant measures of entanglement.  
 
We would like to thank Prof. A.N. Korotkov for helpful discussions.  
This work was supported in part by the Fundamental Research Program of Russian Academy of 
Sciences. 
 
References 
1. Valiev K.A. Quantum Computers and Quantum Computations. Usp. Fiz. Nauk. 2005. vol. 
175. No.1. pp. 3–39 [Phys.Usp. (Engl. Transl.). 2005. vol. 48. No. 1. pp. 1–36]. 
2. Bogdanov Yu. I., Valiev K. A., and Kokin A. A. Quantum Computers: Achievements, Im-
plementation Difficulties and Prospects // Russian Microelectronics. 2011. Vol. 40. No. 4. 
pp. 225–236. 
3. Nielsen M. A., Chuang I. L. Quantum Computation and Quantum Information 
(Cambridge Series on Information and the Natural Sciences). 2010. 
4. Chen G, Church D.A., Englert B.-G. et al. Quantum Computing Devices. Principles, De-
signs, and Analysis. Chapman & Hall. 2007. 542 p. 
5. Holevo A. S. Quantum Systems, Channels, Information. (Moscow, Independent Univ. 
Moscow). 2010. [in Russian].  To be published in English in De Gruyter Studies in 
Mathematical Physics, vol 16.  
6. Holevo A. S., Giovannetti V. Quantum channels and their entropic characteristics //  Rep. 
Prog. Phys. 2012. V.75, 046001 ; arXiv:1202.6480 [quant-ph].  
7. Bogdanov Yu.I., Brida G, Genovese M. et al. Statistical Estimation of the Efficiency of 
Quantum State Tomography Protocols //  Phys. Rev. Lett. 2010. V.105. 010404. 4p.  
8. Bogdanov Yu. I., Brida G., Bukeev I. D. et al. // Statistical Estimation of Quantum Tomo-
graphy Protocols Quality // Phys. Rev. A. 2011. V.84. 042108. 19 p. 
9. Kraus K. States, Effects, and Operations: Fundamental Notions of Quantum Theory. Lec-
ture Notes in Physics, V. 190. Springer- Verlag. Berlin. 1983. 151 p. 
10. Lindblad G.  Completely positive maps and entropy inequalities// Commun. Math. Phys. 
1975. V.40. P.147-151 
11. Gorini V., Frigerio A., Verri M., Kossakowski A., Sudarshan E. C. G.  Properties of quan-
 27
tum Markovian master equations // Rep. Math. Phys. 1978. V. 13. P. 149-173. 
12. Evans D. E., Lewis J. T.  Dilations on irreversible evolutions in algebraic quantum theory 
// Commun. Dublin Inst. Adv. Stud. Ser. A 24. Dublin. 1977. 
13. Holevo A. S.  Towards mathematical theory of quantum communication channels Probl. 
Pered. Inform. 1972 V.8 N1 pp 63-71 [in Russian].  
14. Chuang I.L., Nielsen M.A.  Prescription for experimental determination of the dynamics 
of a quantum black box// J. Mod. Opt. 1997. V. 44. P. 2455; arXiv:quant-ph/9610001  
15. Poyatos J. F., Cirac J. I., Zoller P. Complete Characterization of a Quantum Process: The 
Two-Bit Quantum Gate // Phys. Rev. Lett. 1997. V.78, N 2. P.390-393. 
16. Mohseni M., Rezakhani A. T., Lidar D. A. Quantum-process tomography: Resource analy-
sis of different strategies // Phys. Rev. A. 2008. v.77. 032322 
17. Kofman A. G., Korotkov A. N.  Two-qubit decoherence mechanisms revealed via quantum 
process tomography // Phys. Rev. A. 2009. V. 80. 042103 
18. Preskill J. 1997-2004 Quantum Information Lecture Notes. 
www.theory.caltech.edu/people/preskill/ph229/ 
19. Schumacher B. Sending entanglement through noisy quantum channels // arXiv:quant-
ph/9604023  
20. Abragam  A. The Principles of Nuclear Magnetism. Oxford. 1961. 
21. Bialczak R.C. et al. Quantum process tomography of a universal entangling gate imple-
mented with Josephson phase qubits // Nature Physics. 2010.  V. 6  P. 409-413 
22. Yamamoto T. et al. Quantum process tomography of two-qubit controlled-Z and con-
trolled-NOT gates using  superconducting phase qubits // Phys. Rev. B. 2010. V. 82. 
184515. 
23. Pinto R.A., Korotkov A.N., Geller M. R. et. al.  Analysis of a tunable coupler for super-
conducting phase qubits // Phys. Rev. B. 2010. V. 82. 104522. 
24. Keane K., Korotkov A. N. Simple quantum error detection and correction for supercon-
ducting qubits // arXiv: 1205.1836  [quant-ph]  
25. Bennett C. H., Shor P. W., Smolin J. A.,  Thapliyal A. V. Entanglement-assisted classical 
capacity of noisy quantum channel // Phys. Rev. Lett. 1999. V.83. 3081 
 
 
 
 
